ABSTRACT This paper characterizes the performance metrics of MU-MIMO systems under Rayleigh fading channels in the presence of both cochannel interference and additive noise with unknown channel state information and known correlation matrices. In the first task, we derive analytical expressions for the cumulative distribution function of the instantaneous signal-to-interference-plus-noise ratio (SINR) for any deterministic beamvectors. As a second task, exact closed-form expressions are derived for the instantaneous capacity, the upper bound on ergodic capacity, and the Gram-Schmidt orthogonalizationbased ergodic capacity for similar intra-cell correlation coefficients. Finally, we present the utility of several structured-diagonalization techniques, which can achieve the tractability for the approximate solution of ergodic capacity for both similar as well as different intra-cell correlation matrices. The novelty of this paper is to formulate the received SINR in terms of indefinite quadratic forms, which allows us to use complex residue theory to characterize the system behavior. The analytical expressions obtained closely match simulation results.
I. INTRODUCTION
Multi-user multiple-input multiple-out (MU-MIMO) refers to a communication systems, where typically a base station (BS) having an array of antennas serves several singleantenna users on the same time-frequency resource. Such environment can potentially increase the spectral and power efficiency with an added benefit of deploying expensive equipment at BSs only rather than at user devices thus reducing overall capital and operational expenditures [1] , [2] . Due to the aforementioned potential of MU-MIMO systems, a lot of work has been ongoing to overcome the imminent challenges of exponential rise in traffic growth [3] and hence an insightful survey in this domain with forthcoming challenges and potentials are depicted in [4] .
Most information theoretic analysis of MIMO systems is based on the availability of partial channel state information (CSI) resulting in closed form solutions for maximum ratio transmission (MRT) or zero forcing (ZF) precoding [5] - [7] or on the complete and perfect CSI availability [8] in Rayleigh fading environment. Some approximate solutions for the performance metrics of MIMO systems are derived in [9] using asymptotic analysis based on order statistics and extreme-value theory defined in [10] . Again, using the premiere of extreme-value theory, effect of spatial correlation between transmit antennas on the sum rate capacity in downlink scenario are discussed in [11] . Previously, tractable expressions for the capacity of multipath Rayleigh fading channels were derived in [12] , though this work was based on the assumption of independence across channels. Authors in [13] expressed tractable results for the characteristic function of MIMO system capacity in Rayleigh-fading environments. Their analysis was based on no CSI at the transmitter, however cochannel interference was not considered. Moreover in [14] , closed form solutions for outage probability and ergodic capacity were derived for a noise limited single user scenario. The results presented in [14] have however high mismatch between analytical and Monte Carlo simulation at high transmit antenna diversity order at the BS thus lacking in capability to account for Massive MU-MIMO systems. The work in [23] discusses a statistical CSI case and give some useful results on physical layer security however it is limited for the positive definite correlation matrices only. In [24] , performance analysis of dual-hop MIMO amplify-and-forward (AF) relay networks are discussed for a noise-limited scenario only and on these lines, an extended work which incorporates cochannel interference is presented in [25] though it also assumes the perfect CSI availability. Building on from the previous works, there is a need of establishing a unified approach to achieve the mathematical tractability in terms of cumulative distribution function (CDF) or probability density function (PDF) of key performance indicators (KPIs) such as outage probability, instantaneous capacity, and ergodic capacity under the generalization of statistical CSI availability, cochannel interference, and additive noise for Rayleigh fading environment in correlated MU-MIMO systems.
Motivated by the aforementioned discussion, we provide herein a unified approach based on the recent 1 developments in the indefinite quadratic forms approach [16] , [17] . This approach is useful in the characterization of distribution function by quantitative analysis of weighted norms of correlated Gaussian vectors. The methodology builds on the use of Fourier transform representation of a unit step function in any given distribution function, the resulting expression is eventually solved by means of the complex residue theory. The indefinite quadratic forms approach is employed on a single cell standard network model that takes into account cochannel interference and additive noise in Rayleigh fading channels for correlated MU-MIMO systems. This work is based on the statistical channel state information and we contribute by 1) Setting up a downlink MU-MIMO system model in a quadratic form for the purpose of signal-tointerference-plus-noise ratio (SINR) analysis. 2) Presenting the closed form solutions of outage probability and instantaneous capacity for any given beamvectors. We also provide some useful insights on the multiplicity of eigenvalues based on the eigenvalue decomposition approach. 3) Expressing an upper bound on the ergodic capacity in a noise limited scenario. Previously, authors in [14] presented a close form solution for the upper bound of ergodic capacity for a low transmit antenna diversity, we present a more general form that accounts for any transmit antenna diversity and hence [14] can be considered as a special case of the proposed work. Moreover, we also achieve an exact solution in the presence of cochannel interference by using the GramSchmidt process [18] . 4) Using an iterative Joint-Diagonalization (JD) approach [19] to find the approximate solution of ergodic capacity for different intra-cell correlation matrices. We also provide a non-iterative approximate solution to find the ergodic capacity for different intracell correlation matrices by conditioning on the transmit diversity order and number of users. 5) Outlining a generalized approach valid for multipleinput single-output (MISO), MU-MIMO, and Massive MU-MIMO systems. The organization of the rest of this paper is as follows. In Section II, we present the system model and, in Section III, we investigate the tractability of outage probability. In Sections IV, we provide closed form solutions of instantaneous capacity, upper bound on ergodic capacity, ergodic capacity for similar intra-cell correlation coefficients, and approximate ergodic capacity for different intra-cell correlation coefficients using JD approach. In Section V, we validate our results using Monte-Carlo Simulations and, in Section VI, we present a summary and conclusions. 
II. SYSTEM MODEL
Consider a downlink MU-MIMO cellular network 2 in which a base station (BS) comprising of N transmit antennas serve K single antenna users as shown in Fig. 1 . For the kth user, the transmitted data symbol s k is modulated with a transmit beamforming vector w k of length N × 1 before transmission. Further, the data symbols are normalized in terms of expectation as E|s i | 2 = 1 for i = {1, . . . , K }. The received signal for the kth user is given by
where h k represents N × 1 channel vector which is zero mean complex circular Gaussian with covariance matrix R k i.e.,
In expression (1), the first term represents the desired signal, the second term is the cochannel interference, and 2 Throughout this paper, vectors and matrices are indicated by bold letters.
|a|, |A|, and a 2 denote absolute value of scalar a, determinant of matrix A and norm-2 of vector a respectively. Expectation is denoted by E(.). 
where the third equality is due to the difference property of weighted quadratic norms. Now, from the definition of unit step function u(.), the CDF in (9) can be equivalently written as (10) Note that the aforementioned integration is over the entireh k plane and hence the presence of u(.) helps in the tractability of analysis to follow in this work. Thus, resorting to the Fourier representation of the unit step function [16] u(x) = 1 2π
and utilizing the PDF of channel vectorh k
the CDF in (10) can now be expressed as
To proceed further, we define a matrix P = A − Bγ th and perform its eigenvalue decomposition, i.e., P = U p U H p . Note that the transmit beamforming vectors w k are designed in such a way that A and B are hermitian matrices and hence the eigenvectors of P will therefore be unitary matrices. As a result, the vectorh k will be transformed by the relationh k = U H 2 phk . The rational behind such transformation is to obtain the weight matrix of the quadratic norm in a diagonal form. Thus, the inner integral in (13) simplifies as
where λ n represents the nth eigenvalue 4 of P. 4 Note that the eigenvalues are functions of γ th . VOLUME 5, 2017 Consequently, the N-dimensional integral in (13) is transformed to an equivalent 1-dimensional form given by
We now expand the above inner denominator terms using partial fraction expansion as
where the double summation term in (16) indicates L distinct eigenvalues and their corresponding multiplicity S, moreover α s,l represents the coefficients of expansion which can be evaluated as
where λ¯l andS depend on the indexing of distinct eigenvalues and their corresponding multiplicity, interested readers are suggested to [21] and [22] for more insight on the repeated eigenvalue problem of partial fraction expansion. Now, by utilizing residue theory, we show that [27] 1 2π
where sign(.) and (.) represent the signum function 5 and the Gamma function 6 respectively. The CDF in (15) is thus solved using (18) applied on partial fraction terms, as a result we obtain the following close form expression
Now, for the special case of distinct eigenvalues with no repetition, i.e., S = 1, the double summation term of the partial fraction expansion in (16) 
5 For any variable x, the signum function sign(x) returns 1 for x > 0, 0 for x = 0, -1 for x < 0. 6 The Gamma function is defined as
where the coefficient α n of the partial faction expansion for the distinct case without repetition simplifies considerable as compared to the repetitive α s,l case, hence the coefficient α n is evaluated as [21] 
Therefore, the closed form solution of the outage probability for kth user in MU-MIMO downlink environment pertinent to the case of distinct eigenvalues is given by 7
IV. CHARACTERIZATION OF ACHIEVABLE RATE
In this section, we use the CDF of SINR expressed in (22) to characterize the instantaneous capacity, present the closed form solution of ergodic capacity using the Gram-Schmidt process, and provide useful approximate solutions for ergodic capacity evaluation.
A. CHARACTERIZATION OF INSTANTANEOUS CAPACITY
The instantaneous capacity of kth user with unit bandwidth denoted as C γ k is defined as [14] , [26] 
The instantaneous capacity in (23) is a function of random variable γ k whose CDF is derived in the previous section given by (22) . Under the assumption of Gaussian codebooks, the target SINR, i.e., the threshold γ th is defined as γ th = 2 c k − 1 with c k representing the target rate for kth user in bit/s/Hz [28] . Now, utilizing the non-decreasing monotonic property of (22) , the CDF of mutual information for kth user formulates as
where λ n are now function of (2 c k − 1).
B. AN UPPER BOUND OF ERGODIC CAPACITY
In this subsection, we consider the upper bound of ergodic capacity, i.e., the ergodic capacity is characterized for the case of SNR only. It can be observed that the capacity of single user case upper bonds the capacity of the kth user in a multiuser case due to the cochannel interference. Thus, for the kth user, the following inequality holds
where the subscript of E[C γ k ] represents the number of users. Hence, in the noise-limited scenario only, i.e., for K = 1, the expression (6) simplifies to
where v k = R 1 2 k w k , moreover the weight matrix v k v H k of the quadratic norm has rank 1, and matrix B in (6) is nullified herein.
Thus, the ergodic capacity expressed in terms of the expectation of (23) for K = 1 is given by [26] (27) where the third equality is obtained by the change of variable by lettingγ th = γ th +1 and f k (γ th ) is the PDF of outage whose derivation follows by revisiting the CDF in (13) as
The inner integral in (28) can now be simplified as follows
where the second equality is obtained from the property of determinant for rank 1 matrix. 8 Thus, the outage probability is
8 Assume A be a square n×n invertible matrix, whereas u and v are vectors of length n, and β an arbitrary scalar, Then the determinant law states that
Now, by differentiating (30) with respect to γ th
and applying the residue theorem (18), we achieve the close form expression for the desired PDF as follows
The above PDF is subjected to a straightforward transformation and thereby plugged in (27) , hence providing us the ergodic capacity as
Thus, the ergodic capacity for K = 1 is presented in the closed form viz. the exponential integral function 9 E i (.), as follows
C. ERGODIC CAPACITY FOR SIMILAR INTRA-CELL CORRELATION MATRICES
In this subsection, we express the ergodic capacity of kth user in K user scenario under the pretext that all correlation matrices are same. Using integration by part approach on (27) , the ergodic capacity can alternately be expressed as [29] 
Now, as done previously, we utilize the vector representation herein for matrices A and B in (6) k w i . Moreover, we select beamvectors w k and w i such that the respective correlation embedded vectors v k and v i are orthonormal set of vectors obtained viz. the Gram-Schmidt process [18] . 9 The exponential integral function is defined as
Now, using the modified weight matrices, we again revisit the CDF in (13) as follows
Furthermore, the inner integral in (36) is simplified using linear algebra properties as
where the second equality is obtained from the property of determinant for rank 1 matrix, Sherman-Morrison formula for matrix inverse, 10 and condition of orthogonality due to the orthonormal set of vectors using the Gram-Schmidt process. Thus, the numerical expression for the outage probability formulates as
The above CDF is further simplified by utilizing partial fraction expansion and hence solved by means of residue theory, thus resulting in the closed form expression for the outage probability given by
The expression (39) is plugged in (35), so as to achieve a workable expression of ergodic capacity for kth user in the presence of K interfering nodes as
k γ th v k 2 dγ th 10 The Sherman-Morrison formula states that
where the second equality is again due to the orthonormal set of vectors based on Gram-Schmidt process.
We proceed further by employing the change of variable approach by setting a variable t defined as
and therefore achieve the following expression
Now, using [27, Proposition 3.381-6] , the closed form expression for the ergodic capacity of kth user in a K user scenario is expressed by means of Whittaker W function 11 given by
Note that the above expression is independent of transmit diversity order N. As a self check on the tractable analysis so far, we investigate the special case, i.e., for K = 1 viz., 1) employing [27 
It is to be noted herein that (43) is an identical expression with the one obtained by an alternate derivation of upper bound expressed in (34). 11 The Whittaker function W is defined via the confluent hypergeometric functions as 
D. STRUCTURED-DIAGONALIZATION BASED SOLUTIONS OF ERGODIC CAPACITY FOR DIFFERENT INTRA-CELL CORRELATION MATRICES
In the previous subsection, we have expressed the ergodic capacity for the special case of identical correlation matrices using the Gram-Schmidt process. In this subsection, the assumption of identical correlation matrices is relaxed. We initially express and later validate the approximate solutions of ergodic capacity for dissimilar intra-cell correlation matrices and also provide a framework for the exact solution of ergodic capacity for a special case of correlation matrices. We again revisit the CDF in (13) and thus solve its inner integral by structuring the problem in following three ways
1) JOINT-DIAGONILIZATION (JD) APPROACH
Matrices A and B can be jointly diagonalized 13 by means of [19] . The matrix P = A − Bγ th can be decomposed using the JD Approach as P = U p ( A − B γ th ) U H p resulting in the simplification of (14) as
where¯ A and¯ B are the JD based diagonal matrices.
2) DIAGONAL -EIGENVALUE DIAGONAL B (D -EDB) APPROACH
The second approximation is a two step procedure. In the first step, Matrix B is eigenvalue decomposed, i.e., B = U B B U H B . In the second step, we discard the off-diagonal elements of resultant matrix = U H B AU B . Thus (14) reforms to
where¯ A represent the diagonal elements of and¯ B = B .
3) EXACT SOLUTION FOR SPECIFIC CORRELATION MATRICES
By augmenting the MU-MIMO system model with a strong assumption on correlation matrices such that the correlation matrices have similar eigenvectors, the beamvectors can also be designed using the same eigenvectors thus formulating matrices A and B as
For any set of square n × n matrices, JD approach finds the orthonormal change of basis which makes these matrices as diagonal as possible. An exact solution is obtained if all the matrices in the set commute.
R
Such a formulation also results in expressing (14) as
where the diagonal matrices herein are¯ A = 1 2 R k 1 2 R , and
R . Based on the three aforementioned structured diagonal forms, the outage probability formulates as
whereλ n = λ nA − γ th λ nB andλ i = λ iA − γ th λ iB are based on the elements of the reformed diagonal matrices. Now, by plugging (46) in (35), the ergodic capacity for kth user can be expressed as
To proceed further, we perform the partial fraction expansion as follows
where the first coefficient C n is
and the coefficients C i s inside the summation term are
The ergodic capacity can therefore be expressed as
The above expression will result in two types of integrations namely I n and I i which are solved as follows.
a: First Integration (I n )
The first integration part in (51) is given by
Now, by absorbing u(.) in the limits of integration and expanding the exponential term as
Expression (52) has the following form
Now, applying the change of variable approach by setting variable t as t = 1 λ nA − γ th λ nB and thereafter utilizing the partial fraction expansion we obtain
Thus, I n is now in a standard form whose solution exists. Therefore, the closed form solution for the first integration part is given by 14
The second integration part in (51) is simplified accordingly as
14 E 1 function is related with exponential integral Ei function by relation
where we have used the change of variable approach to achieve the third equality. Eventually, the closed form solution for the second integration part formulates as
where η is defined as
V. SIMULATION RESULTS
We consider a scenario with N transmit antennas communicating through circular complex Gaussian channel h having correlation matrix R k with correlation coefficient ρ such that R i,j = ρ |i−j| and 0 ≤ ρ ≤ 1. The two terminal values of ρ are indicative of uncorrelated case and fully correlated case respectively.
FIGURE 2.
Effect of transmit diversity (N) and number of users (K) on the outage probability.
In Fig. 2 , analytical results for the outage probability are compared with extensive Monte Carlo based simulations. We have considered couple of transmit antenna diversity orders by including a setup utilized in Massive MIMO testbed-LuMaMi [31] , i.e., N =128, and a smaller diversity order of N = 4. Moreover, to capture the effect of cochannel interference we have also considered two cases, specifically, K = 6, and K = 12. Other parameters are set as σ 2 k = 10 dBm and ρ = 0.15. For a given threshold γ th , the probability of outage is directly proportional with the number of cochannel interferes. An important observation here is that, initially at lower γ th , the probability of outage is higher for high order of transmit antennas though this situation reverses as the value of γ th increases for both K = 6, and K = 12. It can be seen that the analytical results are superimposing the simulation results.
In Fig. 3 , we show the effect of ρ on outage probability by considering transmit diversity order of N = 128 and setting the number of users to K = 4, and K = 12. Now, for the white case (ρ = 0) and for the fully correlated case (ρ = 1), we express the outage probability in terms of threshold γ th . The so called S -shape curve is apparent for fully correlated cases. As seen in an earlier observation, initially at lower γ th , the probability of outage is higher for fully correlated case yet the situation reverses as the value of γ th increases. The level of similarity is evident in analytical and simulation results. Figure 4 is indicative of how well the outage probability holds if we use Joint-Diagonalization (JD) routine on matrices A and B. Though the exact solutions are available with results shown in Fig. 2, and Fig. 3 , our aim herein is to show the effectiveness of JD approach for later use in the analysis of ergodic capacity for correlated channels. We set N = 12 in this experiment, results for the three possibilities of N < K , N = K , and N > K show good match between results obtained viz. simulation, analytical, and JD approach.
Distribution of instantaneous capacity derived in section IV-A is validated by means of Monte Carlo simulation with K = 4, 8, and 12 and for the diversity order N = 128 as shown in Fig. 5 . In Fig. 6 , we present an upper bound i.e., a noise limited scenario of ergodic capacity with the increasing diversity order without power normalization and for σ 2 k values of 10 dBm and 20 dBm. It can be seen that there is a sharp increase in average channel capacity with increasing diversity order at first (up to just over 100) and afterwards the gain in achievable rate is quite less. We have specifically chosen a wide range of values for N to show the effectiveness of our model. Figure 7 shows the affect of increasing number of users K on ergodic capacity for similar intra-cell correlation coefficient ρ. Gram-Schmidt orthogonalization routines coupled with power normalization is utilized herein. An alternate formulation can also be investigated by incorporating the inverse of correlation matrix in the original orthogonal beamvectors thus giving us similar set of solution for white case (ρ = 0). Again, we have tested our hypothesis for σ 2 k values of 10 dBm and 20 dBm. Their is a sharp decrease in the ergodic capacity as the number of interfering nodes increase. High degree of similarity is apparent between results obtained viz. closed form expressions and by means of Monte Carlo simulations.
In Fig.8 , we provide an approximate result of ergodic capacity based on the JD approach for non-identical correlation matrices. Here, we set N = K and express ergodic capacity for increasing number of users and diversity order. The approximate solution holds pretty well for small diversity order while there are some perturbations as the value of N increases. It is to be noted herein that the second approximation using D -EDB approach gives disproportionate results for K ≤ N and hence are omitted from Fig. 8 . We never- theless, give its usability in Fig. 9 for K > N , here the two approximation techniques have performance which is comparable with the results obtained by simulation means. Lastly, in Fig. 10 , we show the effect of additive noise variance σ 2 k on the upper bound (K = 1) expressed in (34), and on the higher number of users (K > 1) using similar R k based expression (42) obtained by means of Gram-Schmidt process, and dissimilar R k based on the Joint-Diagonalization approach (51) for the transmit diversity order N = 4. The ergodic capacity for similar correlation matrices based approach is significantly higher compared with dissimilar correlation matrices based approach. It can also be seen that (42), and (51) holds pretty well even at high SNR values in horizontal depiction and also approximates efficiently for different user order in vertical depiction.
VI. CONCLUSION
We have proposed a tractable method of finding closed form solutions of outage probability and achievable rate of MU-MIMO communication system in Rayleigh fading channel using a recent indefinite quadratic forms approach. The performance analysis is done for a downlink communication system without channel state information though channel statistics in terms of covariance matrices at the transmitter are assumed to be known. Behavior of performance metrics is investigated by incorporating the effect of correlation coefficients, additive noise power, transmit diversity order, and the number of users within a cell. 
